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Algebraic decision problems inferred 

from the analysis of delay-differential 

algebraic systems
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Overview

• Statement of decision problem

• Motivation

• A multi-dimensional Cayley-Hamilton theorem

• Solution to the decision problem

• A strengthened criterion
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Context

Finitely generated semigroup of matrices:  set of all possible products of matrices taken from some finite set   

Example 

Application with                                         : switched linear system 

Simply looking questions on semigroups of matrices often turn out to be very difficult

- is the zero matrix included in the semigroup of matrices (mortality problem)? 

- does the switched system have bounded trajectories whatever the switching sequence?

- growth rate of solutions and stability? 
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Problem under consideration

Decision problem
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Delay differential algebraic systems

Standard form, at the basis of several algorithms and software

• natural in modeling interconnected systems

• closed-loop system: no elimination of inputs and outputs needed

• allows to model systems with input / output delays

DS

DS 1

DS 2
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• allows to model systems with a nontrivial feed-through

• allows to model time-delay systems of neutral type
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H2 norm analysis

DS

Laplace           
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Finiteness of H2 norm

SEMI-INFINITE EQUALITY
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Reduced problem

Delay-difference equation

Impulse response Transfer function
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INFINITE BUT COUNTABLE

NUMBER OF  EQUALITIES
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Concept

• Recurrence relation between multi-variate powers of a (block) matrix

• Generalization of results of Givone and Roessler (IEEE Trans. Computers, 1973) and B. Vilfan

(IEEE Trans. Computers, 1973)

• Grounded in the standard CH Theorem
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Main result
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Minimal information to generate all powers with recursion formula?

It is sufficient to know                                                               All other powers are linear combinations!
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Sketch of the proof

From definition of multi-variate powers:

Standard Cayley-Hamilton theorem:
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Sketch of proof (II)
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A finite test for the finiteness of the H2 norm

FINITE

NUMBER OF  EQUALITIES
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Finiteness criterion of H2 norm

FINITE NUMBER OF 

EQUALITIES
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A sufficient finiteness condition

Number of equalities to check

• Still computationally expensive

• How to compute the H2 norm, when it is finite?

“C x (any Monomial) x B=0”
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Properties of new criterion

Property 1: efficient computational procedure
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Property 2: induces a transformation to standard neutral functional differential equation
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differentiate first equation 

transposed system 

differentiate second equation 
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Property 3: sufficient condition is not necessary
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Concluding remarks

• Rich dynamics of even linear time-invariant DDAEs

• Basic question (is H2 norm finite? / is there a direct connection 

between input and output?) induced algebraic decision problems

• Decision problems turned into finite tests

• Engineering applications as catalyst for mathematical questions


