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Context

Finitely generated semigroup of matrices: set of all possible products of matrices taken from some finite set M

Example
M ={A;, Ao} = {A1, As, AT, A3, A1As, AgAy, A3, ATAs, A1 AsAy, AsAT, A1 A5, AsA1As, ASA, A3, )

Application with M = {A;, As,..., A} : switched linear system
v(k+1) = Asm) x(k), o(k)e{l,...,m}.

Simply looking questions on semigroups of matrices often turn out to be very difficult

- Is the zero matrix included in the semigroup of matrices (mortality problem)?
- does the switched system have bounded trajectories whatever the switching sequence?
- growth rate of solutions and stability?
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Problem under consideration

Given a set of generators M = {Ay,..., A, } C R™™ matrices B € R™*" and C' € R"*",
construct matrix polynomials
Pk (A1, oy Am) = A1Py kb (A1, Ap) + Ao Pry kg1, ke (A1, - A)
+ -+ APy kg ko —1(A1, -, A, ki € Z>0, j=1,...,m

Py, o(A1,...,An) =1
Pkl ,,,,, km(Ala---:Am) ::0ifanykj€Z<0,j= 1,....m

Decision problem

Find a finite test for determining that the following conditions hold:

OPkl,...,km (Ala S 7Am)B — 07 v(kla S tog km) S Z;HO
For m =2, M ={A;, Ax}:

CPyoyB = CB=0,

CPgyB = CAB=0, CPy2B = CA2B=0,

CP,0B = CAIB=0, CPi1B = C(A1Ay+ AsA))B =0,
CPy2B = CA3B =0, CP;0B = CA}B=0,

CP,1B = C(A7A;+ AjAsA1 + AA$)B =0, ...
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Case m =1, M = {A} — TFind a finite test for determining that CA*B =0, Vk € Zx

Sufficient to test for k = 0,...,n — 1 by the Cayley Hamilton (CH) theorem
p(x) :=det(zl —A) — p(A)=0 - A" =-.-.

Not sufficient to test “component-wise” for m > 1

Consider m = 2 and matrices

0
A = 0], Ay =

—_
—_ = =
—_
— = O
_ = O
Sy
I
_— O O

1
C=(1 0 0).
By direct calculation:
CA¥B =0, and CA5B =0, k=0,1,2

but
C(A1As + A Ay) B #0.
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Delay differential algebraic systems

m

E%éﬁ(t) =Y A;#(t — h;) + Bu(t), E possibly singular, 0="hgo < h; <--- < hp,
- Yoo
g(t) = Ca(t) e.g b= [ 0 0 ]
I(t) = 020
: . V(t) —4 LL&)
Standard form, at the basis of several algorithms and software " AR,
V(t) = RI(t)
Y sy
« natural in modeling interconnected systems 2. Ve=0
* closed-loop system: no elimination of inputs and outputs needed
« allows to model systems with input / output delays uy (t) y2(t)
{ #(t) = Az(t)+ Biu(t) + Bou(t — h) Lm._l
yt) = Cz(i) ' Y y2(1) uz(t)
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system in rest

u(t) y(t)
« allows to model systems with a nontrivial feed-through 5(@‘ D 5(t)I
{ t(t) = Aix(t)+ Asx(t — h) + Bu(t)
y(t) = Fa(t)+ Du(t) G(s) = F (sT — Ay — Ape™") "' B+ D

U

{(é 8) X = ( —OI)X<'5)+(%2 8)X(t—h)+(§”)u(t)

y(t) = (F D) X(t)

 allows to model time-delay systems of neutral type

Ar1z(t) + Asx(t — h) + Asx(t — h) + Bu(t)
Fx(t)

Il % (1) — Asa(t — B)) = Aya(t) + Asa(t — )

{ (8 é) X(t) = (T ’ 1) X(t) + (_Ajs g) X(t—h)+ (fj) u(t)
y(t) = X (t

——
< R
—~
~ "~
S—
|l
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H2 norm analysis

E%j}(t) =Y A;&(t — h;) + Bu(t), E possibly singular, 0=hg <hy <--- < hy,
=0
g(t) = Cu(t)
Assumptions:

1. UT A,V is invertible, where the columns of U, respectively V form a basis
of the left, respectively right null space of E

2. for uw = 0, the zero solution is exponentially stable

6(t) h(t)

G2, = \/ % /_ TG (1) G (i) ) e = \/ /0 T (T () h(t) )t

&‘5’0:0

. ~ ~ — Iy
h(t): impulse response /Lapx\l G(s)=C (SE — Z;n:() Aje_Shj) B: transfer function

Under Assumptions 1-2 the H2 norm can still be not finite
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Finiteness of H2 norm

d LR ~ . _ 1
Ea(t) = > Aji(t - hy) + Bu(t) G(s) = C (sE— XL, Ase=) B
=0
j(t) = Ca(t)
Under Assumption 1: Asympt?tic behz.ivior
transformation Z(¢) <> (51;1(%)) on 1maginary axis
—3;1 ZA(”) ) + ZA ) + Bul(t)
:ZAg_zl)wl -|—ZA z(t — h;) + Bu(t) Ga(s) :C(]+2Aje—shj)—1B
Jj=0 j=1

impulse response h,

y(t) =Crz1(t) + Cx(t)

Theorem:
Under Assumptions 1-2, the H2 norm of G is finite if and only if G, is identically zero.

SEMI-INFINITE EQUALITY
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Reduced problem
Delay-difference equation

2(t) =) Aja(t—h;)+ Bu(t), 0<hy < <hp
j=1

y(t) =Cu(t) -1
Impulse response h(t) N Transfer function Ge(s) := C (I - ZAjeShj) B
j=1
h(t) =C Py (A1, -y Am) - 0 (= (Biha + .. 4 khan ) ) B Ay
ki,..., k=0 A
.’L‘(t) A B Al
h(t) OPL()B CPQ,OB
e ®
Bi(t) AsB  (AsA; + Ay As)B
| > CPyoB CP())]B CP 2B
LAy
CAs i
Ap, - :
t ; hm t _ h/Q t _ h’l t 0 hq 2h1 ho hi+ ho
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z(t) = Z A;z(t — hj) + Bu(t), y(t) = Cx(t)

ht)= Y (CPuypn(A1,.. Am) B) - §(t = (kihy+ ...+ kmhin))

kl,...,kﬁm:O
When is h identically zero?
Case 1: delays (hy, ..., hy) are rationally independent —

> zihi=0,2,€Z, i=1,...,m implies 2, =0, i =1,...,m)

Not possible that for any m-tuples (ki,...,kn) € ZZ and (k7,...,k;,) € ZZ,
such that (kq,...,kn) # (k7,..., k) and

kih1 + ...+ knhp =khi+...+k hn

If delays (A1, ..., h,,) are rationally independent, then condition

INFINITE BUT COUNTABLE

CPry,cbm (A1, -, A)B =0, V(k1, ... k) € ZT NUMBER OF EQUALITIES

is necessary and sufficient for h =0 or G, = 0.
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x(t) =Y Ajz(t—hy) + Bu(t), y(t) = Ca(t)

J=1 A
© CPigB  CPyB
ht)= Y (CPuypn(A1,.. Am) B) - §(t = (kihy+ ...+ kmhan)) o o
kl,...,km:0 )
CPyoB CPy B CP,B
Case 2: delays (hy, ..., h,,) are rationally dependent T T T
The condition on previous slide is sufficient but not necessary.
However 0 hn 2h1 hy hy + ha
t
e Set of rationally independent delays is dense in RY,
e There always exist a smaller number p of rationally independent delays (ry,...,r,) and a

matrix R € Z;OXP of full column rank such that

b, Tp

Transformation to a problem with rationally independent delays always possible
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Condition on previous slide sufficient but not necessary.
However

e Set of rationally independent delays is dense in R,

e There re always exist a smaller number p of rationally independent delayss (ry,...,7,) and

a matrix R € Z;OXP of full column rank such that

R, Tp

Transformation to a problem with rationally independent delays always possible

x(t) = Arx(t —ry) + Asx(t — ro) + Asx(t — ry — r2) + Bu(t)
y(t) = Cu(t)
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Concept

* Recurrence relation between multi-variate powers of a (block) matrix

» Generalization of results of Givone and Roessler (IEEE Trans. Computers, 1973) and B. Vilfan
(IEEE Trans. Computers, 1973)

* Grounded in the standard CH Theorem

Dy ... Dip
D — c Rmnxmn
Dml Dmm
D1y D1 0
DIL0.0] . 0 ..., D0 0
0 Dml Dmm
D[kl,...,km] — D[l,...,O]D[kl—l,...,km] 4o D[O,...,l]D[k‘l,...,km—l]’ (klg o km) & Z'r>no

D1kl .= 0 if any k; € Zeo
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Main result Dy ... Dy

D — . c Rmnan
Dml Dmm
Let
£BlIn .« v 0 -
R . _ k Ko
f(xy,...,2m) = det . —D| = E Aoy Joy L1 e T
0 U’ ey I, il km =0
Then expression
mn
Dirtprntpnl = S gy DltPukmten)
ki,...,km=0
k#(n,...,n)

m
holds for any (p1,...,pm) € Z™ satisfying Z p; = 0.
i=1
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m
DrtpLentpm] = 570 kmzoakl,__,,kmD[’“1+P1v--v’“m+Pm], holds for any (p1,...,pm) € Z™ satisfying Zpi = 0.
k#(n,...,n) i=1

Example with (m,n) = (2, 3):

p1=p2=0 p1+p2=0 1+ py =
-9
o L
|
I
-1-9 -
———=d SRS ER
D[3,3] I -, ﬂl I |-’
plo3 o e - - R
S SR S [P, SN T
plo.2 == '? ! 1I 't s ¢
pus S e “i-hoped--t-e
R B
DI} PO I3, Lodommms Lmgmmm—a
L l e - — = — - a4

Minimal information to generate all powers with recursion formula?
It is sufficient to know D¥t-*ml for ky + ...+ k,, < mn ! All other powers are linear combinations!
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Sketch of the proof

I ... 0 " g(x) = f(z,...,z) =
f(l‘l,...,&?m) = det —D | = Z aklw.,kmﬁ’}lfl :Bfnm
0 T 1 ki,....km=0 . a; = Z Al Fen s with
k’GQj
g( ) —det xl — D ZCLJQL‘J Qj ::{kezm: Zkz:j}
1=1

From definition of multi-variate powers: D7 = ) = Dlf-wim!
lEQj

Standard Cayley-Hamilton theorem: Y “a;D7 =0 =Y > Y ag,, .., DMl =0
J=0 7=0 k‘GQj lEQj
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Sketch of proof (II)
> 3 gy Dl = D-

§=0 k€Q, 1€Q, l J :
Dml

degree [; in elements of the i-the block row of D
degree n — k; in elements of the i-the block row of D

e Restriction to terms of degree n in elements of all block rows: [, = k;, 1=1,....m
mn
Z Z le,...,kmD[kl’“"km] = 0: recursion formula for py =---=p,, =0
7=0 kEQj

e Restriction to terms of degree n + p; in elements of i-th block row, with >  p; = 0:
li=ki+pi, i=1,....m

mn
E E akl,__,,kmD[kl"'pl""’km"'pm] = 0 : recursion formula for E p; =0
7=0 kEQj

e Recursive definition of DF1:-knl: recursion formulae for S p; > 0
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A finite test for the finiteness of the H2 norm

x(t) = > 5, Aja(t — hy) + Bu(t) Impulse response h,, transfer function G,
y(t) = Cx(t)

If the delays (hq, ..., h,,) are rationally independent, then condition
CPkl,...,km (Al, e ,Am)B = 0, for all (kl, ceey km) € Z?;O

is necessary and sufficient for h =0 or G, =0

A o0 Ay I
Ay ... A 1 "
- .2 .2 N Pkl,...,km(Ala---aAm):_(In"'—rn)A[kl ..... km] | -
m '
- . In

A, ... An A1Ay A A

) _ [1,1] 1432 1412

Example: m =2 — D [ AyA, AgA, ]
If the delays (hq, ..., h,,) are rationally independent, then condition
FINITE

km (A1, -+, A)B =0, for all (k1,...,kn) € ZT, such that ky + ... + ky,, <mn

,,,,,

NUMBER OF EQUALITIES

is necessary and sufficient for h =0 or G, =0
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Finiteness criterion of H2 norm

d . N ~ - mo o o\l =
E£:L'(t) = ZOAjm(t — h;) + Bu(t) G(s)=C (sE — > =0 Aje hﬂ) B
J:
j(t) = Ca(t)
Assumptions: . _
index 1, exponentially stable Asympt?tlc behz?wlor
rationally independent delay Ol ITLAgIary axis
d (11 (12
() = ST ANz (- hy) + ZA_g. )2(t — h;) + Biu(t)
7=0 7=0
p(t) =Y APVai(t—hy) + Y Aja(t — hy) + Bu(t) Ga(s) =C(I+Y  Aje=")7'B
7=0 j=1 j=1

Necessary and sufficient condition FINITE NUMBER OF
ko (A1, -, A ) B = 0, for all (kq,...,kn) € ZZ, such that k1 + ... + ky, <mn EQUALITIES

.....
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A sufficient finiteness condition

Necessary and sufficient condition
CPry,... b (A1, A ) B =0, for all (k1,...,ky) € ZZ, such that ky + ...+ k,, <mn

« Still computationally expensive

m=2 | m=3 | m=4| m=>5 m =206 m="7 m =8 m=9
n=4 36 364 3876 42504 475020 5379616 61523748 708930508
n=>5 55 680 8855 118755 | 1623160 22481940 314457495 4431613550
n==~6 78 1140 17550 | 278256 | 4496388 73629072 | 1217566350 | 20286591270
n="1T 105 1771 31465 | 575757 | 10737573 | 202927725 | 3872894697 | 74473879480

Number of equalities to check

 How to compute the H2 norm, when it is finite?

4

Sufficient finiteness condition

CB = 0 “C x (any Monomial) x B=0"

CA,, -+ Ay B 0, Vk € Zoo, Yo, € {1,....m}, i=1,....k
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Properties of new criterion

Sufficient condition

CB = 0,
CAy, Ay B = 0, Yk€Zso, Vo, €{1,....,m}, i=1,....k

Property 1: efficient computational procedure

Xo := span B
Xk := span {B}U{Aal---AJk,B: 1<k <k, o,e{l,....m}, i = 1,...,k’},
o
Xk+1 =Xk U{Ajxk i =1,...,m}
!
Sufficient conditions holds < for some k, xi is an (Aq,..., A,,)-invariant set
in Ker C.
!
!

Algorithm based on computing less or equal to m(n — rank C') matrix vector
products with A;
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Property 2: induces a transformation to standard neutral functional differential equation

—3:1 ZA(H) ) + ZA (12) x(t — h;) + Biu(t)

a:t):ZAgzl)wl -|—ZA33 i) + Bu(t)
5=0

y(t) =Crz1(t) + Cx(t)

Sufficient finiteness condition is equivalent to the existance of an invertible ma-
trix 7, such that

Aja | Ajs

TglAjTC:[ ],jzl,...,m, Tc‘lB:[ L },OTC:[OMO}
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x(t) x(t—T7j) u(t)
- & N - - ~ ——

I 0 A 0

ﬂ differentiate first equation

:c)(lﬁ) (t—Tj) x(t—T7;) u(t)

N N

To o] Ta, 0] T o o]
0 —I 0 O Aj2 Ajg
c(;iA) B

ﬂ transposed system
0 0 AL 0 0 Agg

ﬂ differentiate second equation

Ho
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Property 3: sufficient condition is not necessary

0 01 0 0 0 0 O 0 0
10 001 10 000 | -1 r |1
Ay = 00 0 0 , Az = 1 00 0| P~ 1 ¢ =
0 0 0 0 01 0 0 0 | 0

One can verify by direct calculation that
CPg, k,(A1,A2)B=0
for every (kq, ko) such that ki + ko < 8, but

CALAB = —1, CAAB =1,
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Concluding remarks

* Rich dynamics of even linear time-invariant DDAES

« Basic gquestion (is H2 norm finite? / is there a direct connection
between input and output?) induced algebraic decision problems

CPhy,..om (A1, .., A)B =0, Y(k1, ... kp) € 22?77

CB=0, CA,, -~ Ay, B=0, Yk € Zsg, Yo, € {1,...,m}, i=1,... k277
« Decision problems turned into finite tests
* Engineering applications as catalyst for mathematical questions
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